
Homework Assignment 1 - Graded Problems

10.1 # 3, 4, 8, 18
10.2 # 4, 7, 9, 18, 19, 25
10.3 # 2, 5, 13, 14, 15, 17
10.4 # 8, 13, 18, 35
10.7 # 1, 4, 5, 8

Section 10.1

Problem 8) Solve the given boundary problem:

y00 + 4y = sinx; y(0) = y(�) = 0:

Solution First solve the homogeneous problem to get:

yH = c1 cos 2x+ c2 sin 2x

Then use the method of undetermined coe¢ cients to �nd the non-homogeneous
solution:

Let yp = A sinx, then y00p = �A sinx.
Plugging in you get:
L(yp) = y

00
p + 4yp = �A sinx+ 4A sinx = 3A sinx = sinx) A = 1

3 .
So the non-homogeneous solution is yp = 1

3 sinx

Thus the general solution is: y(x) = c1 cos 2x+ c2 sin 2x+ 1
3 sinx

Now to �nd the particular solution, use the boundary values:

y(0) = c1 = 0) y(x) = c2 sin 2x+
1
3 sinx

y(�) = 0
Since the second boundary value is satis�ed 8c2 2 R, the �nal solution of

the BVP is:

yG = c2 sin 2x+
1
3 sinx

Problem 18) Find the eigenvalues and eigenfunction of the following func-
tion (assume that all eigenvalues are real):

y00 + �y = 0; y0(0) = y0(L) = 0.
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Solution
Case 1) � > 0
Let � = �2, then we get: y00 + �2y = 0:
The characteristic polynomial here is: r2 + �2 = 0
The roots of the equation are: r = �i�
General solution: y = c1 cos�x+ c2 sin�x
Derivative of y: y0 = ��c1 sin�x+ �c2 cos�x
Now impose the boundary conditions:

y0(0) = 0) y0(0) = �c2 = 0) c2 = 0) y = c1 cos�x
y0(L) = ��c1 sin�L = 0
For a non-trivial solution we must have:
sin�L = 0) �L = n�; n 2 N) � = n�

L
So the eigenvalues are:
�n = �

2 =
�
n�
L

�2
; n 2 N

And the corresponding eigenfunctions are:
yn = cos

�
n�x
L

�
; n 2 N

Case 2) � < 0
Let � = ��2, then we get: y00 � �2y = 0:
The characteristic polynomial here is: r2 � �2 = 0
The roots of the equation are: r = � (with multiplicity 2)
General solution: y = c1 cosh�x+ c2 sinh�x
Derivative of y: y0 = �c1 sinh�x+ �c2 cosh�x
Now impose the boundary conditions:

y0(0) = 0) y0(0) = �c2 = 0) c2 = 0) y = c1 cosh�x
y0(L) = �c1 sinh�L = 0
For a non-trivial solution we must have:
c1 sinh�L = 0) c1 = 0
So there are no non-trivial solutions in this case.

Case 3) � = 0
In this case, the equation reduces to: y00 = 0, to which the solutions are

y = c1x+ c2.
So y0 = c1
Now impose the boundary conditions:

y0(0) = 0) y0(0) = c1 = 0) c1 = 0) y = c2
y0(L) = 0 is OK.
So for the eigenvalue � = 0, the corresponding eigenfunction is y0 = 1.

Thus, the eigenvalues and the corresponding eigenfunctions for this problem
are:
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�0 = 0; y0 = 1;�n =
�
n�
L

�2
; yn = cos

�
n�x
L

�
; n 2 N

Section 10.2

Problem 18) Given the function f(x) =

8<: 0
x
0

�2 � x � 1
�1 < x < 1
1 � x < 2

, (a) Sketch

the graph of the given function for three periods, (b) Find the Fourier series for
the given function.
Solution (a) Graph is not di¢ cult.

(b) Our goal is to write the function in the form:

f(x) = a0
2 +

1X
n=1

�
an cos

�
n�x
L

�
+ bn sin

�
n�x
L

��

We have that L = 2 for the formulas on page 580, so:
an =

1
L

R L
�L f(x) cos

�
n�x
L

�
dx = 1

2

R 1
�1 x cos

�
n�x
2

�
dx = 0

and
bn =

1
L

R L
�L f(x) sin

�
n�x
L

�
dx = 1

2

R 1
�1 x sin

�
n�x
2

�
dx =

R 1
0
x sin 12�nx dx

= �
R 1
0

�
� 2
�n cos

1
2�nx

�
dx� 2

�n cos
1
2�n =

�
2
n�

�2
sin n�2 �

�
2
n�

�
cos n�2

So the Fourier series expansion of this function is given by:

f(x) =
1X
n=1

���
2
n�

�2
sin n�2 �

�
2
n�

�
cos n�2

�
sin
�
n�x
2

��

Section 10.3

Problem 17) Assuming that

f(x) = a0
2 +

1X
n=1

(an cos
n�x
L + bn sin

n�x
L );

show formally that

1
L

LZ
�L

[f(x)]
2
dx =

a20
2 +

1X
n=1

�
a2n + b

2
n

�
:

Solution Let
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f(x) = a0
2 +

1X
n=1

(an cos
n�x
L + bn sin

n�x
L ):

Squaring both sides of the equation we get:

jf(x)j2 = a20
4 +

1X
n=1

(a2n cos
2 n�x

L + b2n sin
2 n�x

L )

+a0

1X
n=1

(an cos
n�x
L + bn sin

n�x
L ) +

X
m6=n

(cmn cos
m�x
L sin n�xL ):

Then we integrate both sides of the equation from �L to L, and use the
orthogonality of sine and cosine to get:

LZ
�L

jf(x)j2 dx =
LZ

�L

a20
4 dx+

1X
n=1

(

LZ
�L

a2n cos
2 n�x

L dx+

LZ
�L

b2n sin
2 n�x

L dx)

=
a20
2 L+

1X
n=1

�
a2nL+ b

2
nL
�

Then, dividing by L yields the desired result:

1
L

LZ
�L

[f(x)]
2
dx =

a20
2 +

1X
n=1

�
a2n + b

2
n

�
:

�

Section 10.4

Problem 8) The function f(x) =
�

0
x� 1

0 � x < 1
1 � x < 2 , is de�ned on an

interval of length L. Sketch the graphs of the even and odd extentions of f of
period 2L.

Solution Easy.

Problem 15) Find the required Fourier series for f(x) =
�
1
0

0 < x < 1
1 < x < 2

,

cosine series of period 4, and sketch the graph of the function to which the series
converges over three periods.

Solution -
This means that here we can use the information on page pg. 596.
So we have that L = 2.
Then for n > 0:
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an =
2
L

LZ
0

f(x) cos n�xL dx = 2
2

2Z
0

f(x) cos n�x2 dx =

1Z
0

0�cos n�x2 dx+
2Z
1

1�cos n�x2 dx

= 0 +

2Z
1

1 � cos n�x2 dx =
2
n�

�
sinn� � sin n�2

�
= 2

n�

�
0� sin n�2

�
= 2

�

�
(�1)n�1
2n�1

�
And for n = 0:

a0 =

2Z
1

1 � cos 0�x2 dx =
2Z
1

1 � cos 0dx =
2Z
1

1 � 1dx =
2Z
1

1dx = 1

Thus since this is a cosine series we have that the Fourier Expansion is given
by:

f(x) = a0
2 +

1X
n=1

an cos
n�x
L = 1

2 +
2
�

1X
n=1

�
(�1)n�1
2n�1

�
cos n�x2

Section 10.7

Problem 1a) Consider an elastic string of length L whose ends are held
�xed. The string is set in motion with no initial velocity from an initial position

u(x; 0) =

� 2x
L

2(L�x)
L

0 � x � L
2

L
2 < x � L

. Find the displacement u(x; t) for the given

initial position.
Solution Since the initial velocity is zero, the solution is given by u(x; t) =

1X
n=1

cn sin
n�x
L cos n�atL , where cn = 2

L

LZ
0

f(x) sin n�xL dx.

So for this problem we get that:

cn =
2
L

0B@
L
2Z
0

2x
L sin

n�x
L dx+

LZ
L
2

2(L�x)
L sin n�xL dx

1CA = 8
n2�2 sin

n�
2 .

And thus the solution is:

u(x; t) =

1X
n=1

8
n2�2 sin

n�
2 sin

n�x
L cos n�atL
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